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Abstract 

Cosmic super-strings interact generically with a tower of relatively light and/or strongly coupled 
Kaluza-Klein (KK) modes associated with the geometry of the internal space. In this paper, we 
study the production of spin-2 KK particles by cusps on loops of cosmic F- and D-strings. We 
consider cosmic super-strings localized either at the bottom of a warped throat or in a flat internal 
space with large volume. The total energy emitted by cusps in KK modes is comparable in both 
cases, although the number of produced KK modes may differ significantly. We then show that 
KK emission is constrained by the photo-dissociation of light elements and by observations of the 
diffuse gamma ray background. We show that this rules out regions of the parameter space of 
cosmic super-strings that are complementary to the regions that can be probed by current and 
upcoming gravitational wave experiments. KK modes are also expected to play an important role 
q; in the friction-dominated epoch of cosmic super-string evolution. 
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I. INTRODUCTION 



Cosmic strings are linear concentrations of energy with a cosmological size, which ap- 
pear in several high-energy physics scenarios and may have a variety of cosmological and 
astrophysical consequences pj,l2j. Field theory cosmic strings have been abundantly studied 
since the 70's @, 13. The subject has been recently regenerated by the progressive realiza- 
tion [5M9I] that cosmic strings occur also as fundamental objects of string theory, see 
for reviews. These so-called cosmic super-strings are expected to be produced in particular 
at the end of brane inflation 0, HI, EH or at Hagedorn phase transitions 0, 16|| after infla- 
tion [To|, E3- This opens the opportunity that they could lead to observational signatures 



of string theory, if these signatures can be distinguished to some degree from the ones of 
traditional field theory cosmic strings. Properties of cosmic super-strings that may help this 
distinction, although they appear also in some field theory models, include the possibilities 
of reconnection probabilities smaller than unity and of strings with different charges and 
junctions between them. In this paper, we consider another potentially specific aspect of 
cosmic super-strings: their interactions with massive Kaluza-Klein (KK) modes associated 
with the compact extra dimensions. We will study in particular the production of KK 



particles by cosmic super-strings 18 



The extra dimensions play a crucial role for cosmic super-strings, being responsible for 
making their tension small enough compared to the Planck scale, as required by observations. 
This can be achieved in two different ways [10]. The first possibility is to have cosmic 
strings localized at the bottom of a warped ten-dimensional geometry, called throat, where 
the effective four- dimensional scales are "redshifted" by a warp factor that depends on the 
position in the internal space |19|. This occurs in particular in models of warped brane 



inflation |20J with stabilized moduli |21l . |22| . which currently represent one of the most 



popular class of inflationary models in string theory. In these models, the effective string 
tension \i in units of the four-dimensional Newton constant G is exponentially small because 
of the value e Ab <C 1 of the warp factor at the bottom of the throat, G/i oc e 2Ab . In that 
case, the lowest-lying KK modes are lighter than the string scale ^fji because their masses 
are also suppressed by the warp factor e Ab . Furthermore, their wave-function in the extra- 
dimensions is localized at the bottom of the throat, where the cosmic strings are located (see 
Fig. [TJ. As a result, their coupling to the cosmic strings is enhanced by the factor e~ Ab ^> 1 
with respect to the gravitational coupling. Thus these KK modes are relatively strongly 
coupled to the cosmic super-strings. The second possibility is to have a flat internal space 
with a large six-dimensional volume j23|, 24], Vq ^> a' 3 where \fo^ is the fundamental string 
length, so that G\i oc a' 3 /VQ. In that case, the KK modes couple only gravitationally to the 
cosmic strings, but there is now a dense spectrum of modes with masses much smaller than 
^JJL. Thus a lot of these KK modes can then be produced. Whether KK modes are strongly 
coupled or very light, they can be efficiently produced by cosmic super-strings in both cases. 

The tension of cosmic super-strings is highly model-dependent, depending in particular 
on the values of Vq and e Ab and on the energy scale at which the cosmic strings form. 
For cosmic super-strings produced at the end of brane inflation, the tension depends on the 
inflationary energy scale, which in turn is constrained by the Cosmic Microwave Background 
(CMB). In models of brane inflation where the CMB anisotropies are generated only by the 
quantum fluctuations of a single inflaton field, the string tension is expected to be in the 
approximate ranges 10 -12 <^ Gfi <^ 10~ 7 for a flat internal space with large volume [7| and 



10 14 ^ Gfi ^ 10 7 for a warped throat 25]. The gravitational effects of such cosmic strings 
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may be observable in the near future, in particular with upcoming gravitational wave (GW) 
experiments 26-3(|. In general, however, cosmic super-strings may have a much smaller 
tension. This occurs in particular when they are produced in models of brane inflation at 
lower energy scales. Indeed these models have now been generalized in a number of ways 
and the CMB anisotropics may be generated from quantum fluctuations of other fields, 



like e.g. in the curvaton [31] and modulated reheating [32[ scenarios. For instance, it was 



shown in 1331 that the conformal-coupling problem of the original model of warped brane 
inflation can be made harmless if inflation occurs at low energy scales, as low as the 
TeV scale. This leads to cosmic super-strings with tensions as small as Gfi ~ KG 34 . The 
tension of cosmic super-strings is also relatively small when they form at Hagedorn phase 
transitions 0, 16[ after inflation. For instance, if one throat is present in the internal space, 
then it is maybe more typical to have several of them, which also offers more opportunities to 
naturally generate several hierarchies. In these multi-throat scenarios, cosmic super-strings 
are produced in long throats that are heated above their local Hagedorn temperature after 

13. 



inflation [1Q,|17||. These can be much lighter than the inflationary energy scale. Because the 
gravitational effects of such light cosmic strings are much weaker, it is crucial to look for 
their other possible signatures, in particular the production of (massive) particles. 

KK wavefunction 




Cosmic Strings 



FIG. 1: Sketch of a compact throat with cosmic super-strings and KK modes localized at the 
bottom. 



There are at least three general motivations to look for particle production by cosmic 
strings (besides gravitational waves), depending on the model and on the nature of these 
particles. First, the particles produced by strings may have useful cosmological consequences, 

or the non-thermal pro- 



ultra-high energy cosmic rays [35H37 
381 1 . Secondly, these particles may lead instead to cosmological 



39-45 



e.g. for baryogenesis [3 
duction of dark matter 

problems, and therefore to constraints on the cosmic string parameters, see e.g. 
Finally, particle production may affect both the dissipation of small scale structure on the 
long strings and the rate at which the loops shrink, hence the predictions for other cosmic 
string signatures. 

The production of massive particles by field theory cosmic strings has been studied by 
several authors. Ref. |46| considered a scalar field with a quartic interaction with cosmic 
strings and studied its production from cusps - highly boosted regions where the string 
doubles back on itself. 



Refs. 
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considered instead trilinear interactions, which make 
particle production more efficient and may occur when a scalar field condenses on the string 
or for strongly coupled moduli fields. The production of gravitationally coupled moduli 
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fields was studied in |39|, |40| . Besides these perturbative processes of particle production, 
cosmic strings also emit quanta of their constituent fields when string segments annihilate. 
This occurs in particular at cusps on usual Abelian-Higgs cosmic strings, as first suggested 



in (47| and revisited in detail in [48j. Massive particles may also be copiously produced in 
more complicated models, e.g. when the cosmic strings are super-conducting [49| . 

Cosmic super-strings, on the other hand, are more likely to be stable if they are somehow 
decoupled from other degrees of freedom, in particular from the Standard Model fields j9[. 
The kind of particles they can emit is therefore more constrained . However, they al- 
ways couple to the ten-dimensional metric. From the four- dimensional point of view, this 
generically includes, beyond the ubiquitous four- dimensional massless graviton, a tower of 
relatively light KK modes associated with the geometry of the extra dimensions. 

In a recent letter [l8j], we studied the production of KK modes by cosmic super-strings 
in a warped throat, showing that it is contrained by the photo-dissociation of the light 
elements produced by Big Bang Nucleosynthesis. These constraints rule out regions of the 
parameter space of cosmic super-strings that are complemetary to the ones that can be 
probed by GW experiments. In the present paper, we give a full computation of these 
results. In addition to [18], we also consider cosmic super-strings located in a flat internal 
space with large volume, we study the constraints on KK emission coming from observations 
of the diffuse gamma ray background, and we discuss the effects of KK modes on the early, 
friction-dominated stage of cosmic super-string evolution. 

The rest of the paper is organized as follows. In Section [III we consider the spectrum of 
KK modes and their coupling to cosmic F- and D-strings. We then study the emission of 
KK modes by cosmic string loops in Section [TTT1 Section [TV] is dedicated to the consequences 
of KK emission for the loop number density and the effect of the friction-dominated epoch 
for cosmic super-strings. We then address cosmological consequences of KK emission and 
constraints on the cosmic string parameters in Section [V] We conclude in Section |VT] with 
a summary of our results and directions for future work. An Appendix is dedicated to 
computational aspects of the emission of massive particles by cusps. 



II. KALUZA-KLEIN COUPLING TO COSMIC SUPER-STRINGS 

In this section, we discuss the spectrum of KK modes and their coupling to cosmic F- 
and D-strings. As discussed in the introduction, cosmic super-strings may live either at the 
bottom of a warped ten-dimensional geometry or in a flat internal space with large volume. 
We consider both cases in turn. 



1 The production of massless axionic radiation by cosmic super-strings has been discussed in 5CJ, l51 |. 
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A. Warped Throat 



Consider a Nambu-Goto string in a ten-dimensional space-time with metric qab (A B = 
0, 9). The system is described by the action 2 

s = Mk J d ^ xy ^ {lz + 2C) _£L J dTday ^ (i) 

where M 10 is the ten-dimensional Planck mass, 1Z is the ten-dimensional Ricci scalar, £ 
denotes the Lagrangian of all the bulk matter fields (scalar fields, forms, brane localized 
terms, ...) and 7 is the determinant of the two-dimensional metric induced on the string 
worldsheet 

l a p = ~9A B d a X A d p X B (2) 

where a, /3 = 0,1 and the embedding of the worldsheet in the ten-dimensional spacetime 
is parametrized as x A = X a (t, a). In the second term of Eq. JT]), 1/(2^ a') and g s are the 
fundamental string tension and string coupling, respectively. For F-strings, we have x = 0) 
while for D-strings the tension is increased by l/g s , i.e. x = 1 i n that case. In the following, 
we will assume that only one kind of string is present or dominate the loop number density. 

In a warped throat, the ten-dimensional metric is a warped product of our four- 
dimensional spacetime with a six-dimensional internal space 

ds 2 = g AB dx A dx B = e 2m g^ dx» dx v + g ab (y) dy a dy b (3) 

where y denotes the coordinates in the internal space, /i, v — 0,...,3 and a,b = 4,..., 9. 
The background solution with four-dimensional Poincare invariance is given by g^ u = r]^ u . 
The most studied example of throat geometry is based on the Klebanov-Strassler solution 
of type II B supergravity with fluxes j52[. In most part of the throat, the metric can 
be approximated by the direct product of five- dimensional anti-de sitter spacetime with a 
five-dimensional manifold called T 1 ' 1 

ds 2 w e~ 2y/R Vflu dx^ dx u + dy 2 + R 2 dQ 2 5 (4) 

where R is the radius of curvature of AdS§ and T 1,1 , y is a radial coordinate of AdS§ and 
dVt\ is the metric of T 1,1 . The ratio Rjs/d depends on an integer number of flux units M, 

^=^V^M, (5) 



and should be larger than unity in order to trust the supergravity approximation. It will be 
convenient to define 3 



2 We only consider the interaction of cosmic super-strings with the ten-dimensional metric, because this 
will be relevant one for the KK modes that we will consider. 

3 The radius of curvature R was denoted R in [3]. Here we use R to denote 2tt R, because the relevant 
equations are then formally identical to the equations in the case of a flat internal space with large volume 
that will be discussed in the next sub-section. 
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in order to simplify notations in the following. 

The approximation (J4]) for the metric is only valid for some range of the radial coordinate, 
< y < yb. At y = yb, the T 1,1 evolves into a round three-sphere of finite radius with the 
two remaining angular dimensions shrinking to zero size. This corresponds to the bottom of 
the throat, where the warp factor takes its minimal value e Ab < 1. At y = 0, the Klebanov- 
Strassler solution is glued to a compact Calabi-Yau where the warp factor is approximately 
constant, e A ~ 1. The total volume of the internal space is dominated by the volume 
Vf3 > -R 6 of the compact Calabi-Yau. The four-dimensional Newton constant G is then given 
by 

^r = M ioVs = - l\ - (7) 

87rG (27r) g 2 s a!^ 

where in the second equality we have used the definition of the ten-dimensional Planck mass 
in type II B string theory. 

The cosmic strings are localized at the bottom of the throat, because the effective poten- 



tial for their position in the internal space is minimum there (9|. As emphasized in 53], the 
position of the cosmic strings in the internal space corresponds to worldsheet moduli that 
are not protected by any symmetry, and should then be fixed at the minimum of their effec- 
tive potential (except potentially in the very early universe) at the bottom of the throat 4 : 
X a (t, a) = constant at the classical level for A = 4, 9. Defining 

-Yafi = Vv,d a X»d fl X'', (8) 

the second term in Eq. then reduces to the standard form 



— /i J drda y/— 7 (9) 

where 



^ = 7^T = 7T- J"* (10) 



M'j e 2A » 
2n g} 2ir a' gs 

is the effective string tension perceived in four dimensions and M s = e Ab /\/a' is the local 
string mass scale at the bottom of the throat. 

We now consider the KK modes associated with the warped geometry. We will focus on 
the modes that correspond to spin-2 fields in four dimensions, because these are the simplest 
and most generic ones. These modes are always present and the massless one corresponds to 
the usual four-dimensional graviton. Basic properties of spin-2 KK modes in warped throats 



are well understood, see e.g. [55] and references therein. Their wavefunction in the internal 
space is the same as the one of a test scalar field in the same geometry, independently of the 
matter Lagrangian £ in Eq. ([1]). The KK modes corresponding to scalar and vector fields 
in four dimensions are more model-dependent, depending in particular on the symmetries 
and the mechanisms of moduli stabilization. The spin-2 KK modes correspond to a metric 
perturbation that is transverse and traceless in four dimensions. They can be described by 
the metric flSj) with 

9^ = V^ + ^2^n{y)h%,{x) (11) 



4 The strings could still move freely on the three-sphere at the bottom of the throat if its isometries were 
exact. However, these isometries are broken by the Calabi-Yau glued at y = 0, which provides an effective 
potential for the position of the strings on the three-sphere 54 1 . 
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where n denotes collectively the mode numbers associated to each KK modes. For instance, 
in the approximation (j3J), n is made of the mode numbers associated with the Laplace 
operator on T 1,1 plus one mode number associated with the radial coordinate y. The h™{x) 
are four-dimensional spin-2 fields of mass m n , satisfying 

(n + m 2 n )h%(x) = , d% u = hl x = (12) 

for the free fields. Here and in the following, the four-dimensional Greek indices are 
raised and lowered with the Minkowski metric rj^, and □ = d x d\ is the four- dimensional 
d'Alembertian. 

The properties of the KK modes in the warped geometry are reminiscent to the Randall- 



Sundrum model [19]]. The massless mode m = 0, corresponding to the usual four- dimensional 
graviton, has a constant wavefunction in the internal space. By contrast, the massive modes 
are strongly localized at the bottom of the throat (see Fig. [1]) and their masses are quantized 

as 

e Ab 

m n = c n — (13) 
a 

where c n is a numerical coefficient that depends on the mode numbers, with c n ~ 1 for the 
lower-lying KK modes. These massive modes are generic in a warped throat. Other KK 
modes of mass m ~ V 6 ^ 6 may be localized instead in the compact Calabi-Yau at y ~ 0, 
see e.g. [56]. However, for sufficient warping, e Ab /R <C V 6 ^ 6 , these latter modes are much 



heavier than the former ones and their coupling to the cosmic super-strings is exponentially 
smaller. We will therefore not consider them here. The case of large volume V§ will be 
discussed in the next sub-section. Another possibility is that the cosmic strings are located 
at the bottom of a warped throat but that other, longer throats with more warping are also 
present. The lightest KK modes are then localized at the bottom of the longest throat. 
Even in that case, the KK modes localized in the same throat as the cosmic strings are 
still present as resonant states in the KK spectrum, see e.g. (H3|. These are the modes we 
consider because the modes localized in other throats are practically decoupled from the 
cosmic strings. 

With the ortho-normalization condition 

^ J d 6 y vW)e 2A{ " ] 9 n {y) Ml7) = 5 m> (14) 

for the wavefunction in the internal space, the ten-dimensional action in (CQ) expanded to 
quadratic order in reduces to the canonical action for four- dimensional spin-2 fields after 
integration over the internal space, see 55] for more details. The constant wavefunction of 

the massless mode then reads 

$o(y) = 2v / 8^G, (15) 

where Eq. ([7]) has been used. The wavefunction of the massive modes has an enhanced 
amplitude at the bottom of the throat 

$ ft (jfc) ~ 2 VTffcFG l-^j e~ A >> form^O (16) 
where y = Vb denotes the bottom of the throat. 
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We can now determine the coupling of the KK modes to the cosmic string. This is 
obtained by expanding the induced metric 7 Q( g in Eq. (J2J) to first order in in the second 
term of (JT|). This leads to the interaction term 

Jdrda^j^d a X^d p X v h% (17) 

for each KK mode, where we have used Eqs. ([S]) and QUI) , and $„(?/) is evaluated at the 
position of the string, i.e. at the bottom of the throat y = y^. It will be convenient to 
consider the coupling in units of the effective four- dimensional string tension /x, by defining 

An = ^ (18) 
Using Eqs. flTOjl . (JIB]) and (IT), this gives 



{\/87r G /i for m s = 

^* /2 (^) 3 form^O (19) 

where i? is defined in Eq. ([6]). Note that the massive modes may couple much more strongly 
to the string than the massless mode, in particular for small values of the string tension. 
The interaction term (|T7|) may now be re-written as 



X 

where 



d 4 x h% T» v (20) 



T*» = ii J drda ^/^^ d a X" d$X u 5 {4) (x x - X\t, a)) (21) 
is the four- dimensional energy-momentum tensor of the string. 



B. Flat Internal Space with Large Volume 

As discussed in the Introduction, cosmic super-strings may also be located in a flat 
internal space with large volume. In that case, the four-dimensional string tension \i is 
comparable to the ten-dimensional one 

, = J^ = ^-. (22) 

Thus, contrary to Eq. ffTOj) . \x is not anymore reduced by a warp factor. The observational 
constraint Gfi 1 then requires G < a', which can be satisfied if the volume of the internal 
space is sufficiently large. We will consider a simple scenario of toroidal compactification 
where d extra dimension(s) have the same large radius R ^> yfa' , while the remaining 6 — d 
extra dimensions have the minimal radius y/c/. The volume of the internal space is then 
given by 

V 6 = (2nR) d hnVa*) . (23) 
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Using Eqs. QZJ and this gives 



for the string tension in units of the four- dimensional Newton constant G. 



The properties of the KK modes in this scenario are the same as in [23[. For the massive 
modes, the normalized wavefunctions in the d large extra dimensions y = {yi,---,Ud) are 
given by 

$n(y) = 2 VlQnG cos (^Pj for m n ^ (25) 

where n = (m, rid), while the zero mode is the same as in Eq. (j!5p . The rij are the mode 
numbers associated with each large dimension and they take integer values. The masses of 
the KK modes are quantized as 



m n = — with c n = \n\ = y n\ + ... + n 2 d (26) 

instead of (|T3|) . Note that several KK modes with different mode numbers have the same 
mass, i.e. some mass levels are degenerate. Isometry breaking may lift this degeneracy, but 
if this effect is perturbative it should not modify the total number of KK modes that are 
lighter than the string scale. 

For a flat internal space, the massive modes f)25p have now a constant amplitude in the 
extra dimensions, given by 2 Vl67rG. The modes still interact as in ( )20l) with the cosmic 
string, but now the coupling is suppressed by G for all the modes 



V§7r G Jl for m n = 

K = < VT^GJI = gl^ 2 (^) d/2 for m n ^ (2?) 

where we have used Eq. (I24p . On the other hand, the lower-lying KK modes are now much 
lighter than the string scale 

m fi \fa' 



M« R 



(28) 



Note that, for d — 6, the coupling ( p7|) in terms of the compactification radius R is 
formally identical to the coupling ( IT9|) of the massive modes in a warped throat, where 
in the latter case R is defined in Eq. ([6]) in terms of the curvature radius of the throat 
R. Similarly, Eq. ( l2"8"j) applies also to the case with warping, see Eqs. ( ITU1) and ( TL3l) . The 
main difference is that, in a warped throat, a large hierarchy between y/a' and i? is not 
required. By contrast, in the case of large and flat internal space, y/a' <C R is required by 
the observational constraint G fi 1. This decreases the coupling of each KK mode to the 
cosmic strings, but increases the number of KK modes that are lighter than the string scale. 

III. KALUZA-KLEIN EMISSION BY CUSPS 

We now study the production of KK modes by a cosmic super-string loop. More details 
about some parts of the calculation are given in the Appendix. 
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From the interaction (I20I) . the energy emitted in spin-2 KK modes with mode numbers 
n and mass m n > by a cosmic string loop can be calculated as 

En = ^ J j^y 3 [T^(u k , k) T^(u k , k) - - |T A > fc , k)| 2 J (m s ^ 0) (29) 



where 



T^ u (uj k , k) = J d 4 x T^(t, x) e***"* (30) 

is the Fourier transform of the loop energy-momentum tensor with respect to space and 
time, and we have introduced the 4-vector 



k x = (wfc,k) , tu k = \Jk 2 + m% (31) 

where k = |k| is the norm of the 3- vector k. The massive spin-2 modes have 5 independent 
degrees of freedom, while the massless one has only 2. For the latter, the 1/3 factor in (|29|) 
must be replaced by 1/2. Using Eqs. ( TT9| [27]) for the coupling Ag of the massless graviton 
mode m n = 0, this gives 



dE- n G 



dflk 27T 2 



J dkk* ^{k^)T; v {k^)-\\n{kM 2 ^ (32) 



for the energy radiated in the zero- mode per element of solid angle dQ^. This is the standard 



expression for the energy emitted in gravitational waves by a source, see e.g. 58j 5 . In the 
following, we will be interested in the production of massive modes m n ^ 0. 

The perturbative production of massive scalar particles by cosmic string loops has been 
studied by several authors [36|, 13, H, 4(3, 46]. The calculation in our case is similar, except 



that we deal with massive spin-2 fields and that we have a tower of them. As in the case of 



moduli production [39j, |40|, KK modes of mass m s are produced by loops of invariant length 
L when the frequency / ~ j/L associated to harmonics j of the loop oscillation is greater 
than m n - This occurs for cusps and kinks with sufficiently high harmonics j ^> 1 throughout 
the cosmological evolution. This may also occur for low harmonics j ~ 1 for very small loops 
with L < l/m n . Note however that such loops would be smaller than the effective size of 
the extra-dimensions. These loops may be relevant in the very early universe, just after the 
cosmic super-strings have been produced, although the motion of the strings may still be 
heavily damped at that epoch. In any case, during most of the cosmological evolution, the 
vast majority of loops satisfies L ^> l/m n . We therefore focus on that case in the following. 

To proceed, we need to calculate the Fourier transform (!30|) of the loop energy-momentum 
tensor flSTj 

T» v {co k , k) = n J drda ^ 7 a/3 3 a X» dpX v e lkxXX (33) 

where x x = X x (r^a) denotes the four-dimensional coordinates of the loop. We follow the 
approach used in [26] for the production of gravitational waves. The main difference for the 
production of massive particles is that the four-vector k x = (u k ,k) is now timelike instead 



5 Note that our convention (|30[) for the Fourier transform of the energy-momentum tensor with respect to 
space and time differs from the one used in |58j by a factor of 2tt. 
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of null. In addition, the massive spin-2 fields have 5 degrees of freedom instead of 2, as 
mentioned above. In the conformally flat gauge (1761) . the energy-momentum tensor (|33|) can 
be written as 26 6 



T> M/ {u k ,k) = ^I i f i r ) with i£= / da±X£e* k * x ± (34) 

where if = (l^I u +I+E) /2. The functions X£(cr + ) and X^(a_) of the worldsheet 
coordinates a± are defined in Eq. (j77]l . and a dot on X+(cr + ) or X^(cr_) denotes the derivative 
with respect to the corresponding unique variable, cr+ or cr^. Choosing a time gauge where 
X±(cr±) = <j±, the dynamics of the loop is fully described by the two 3- vectors X + and X_. 
These are periodic functions of cr± of period L, where L is the invariant length of the loop, 
and their derivative has unit norm: |X + | = |X_| = 1. 

For m n L ^> 1, the integrals I± can be calculated in the stationary phase approximation. 
The phase in is stationary when 

k x Xl = ^k 2 + m\ - k cos6 = (35) 

where we have used fl31~j) and X° = |X + | = 1. Here and in the following, 6 denotes the 
angle between k and X + . We see from (135j) that the phase of 1+ is exactly stationary only 
for rrin = and 6 = 0. Nevertheless, the phase remains smaller than unity for some range 
of values of vn n < lr ~ ujk and ^ < 1 that we will determine below. Similarly, for the phase 
of It to be stationary, k must be parallel to X_. The vectors X + and X_ are then parallel 
(and thus equal since they both have unit norm), which corresponds to a cusp. Another 
possibility is to have k parallel to X + and a discontinuity in XH, which corresponds to a 
kink. The effect of a kink is smaller than the one of a cusp, so we focus on cusps in the 
following 7 . 

The phases in I± in the vicinity of a cusp, chosen to occur at a± = and X M = 0, are 
calculated in the Appendix. As in [26], we take 

l* ± l - Y (36) 

which is expected to be a good approximation for loops that are not too wiggly. We then 
obtain 

where m n <C k ~ u k and 9 <^ 1. 

For KK modes emitted in the direction of the cusp velocity, 8 = 0, the phases fl3T|) remain 
smaller than unity for \a±\ ^ 4/c/m? and \a±\ ^ L/(nkL) 1 ^ 3 . The second bound is the most 
restrictive one for k ^ k c , where we define 

k c = \ m n \fm n L. (38) 



6 In [26(, the time variation of the source is developed into a Fourier series, which leads to an extra factor 
of 1/T = 2/L in Eqs. (|30l l34t . Here we work instead with a continuous Fourier transform because this 
makes the notations somewhat simpler. 

7 We note however that kinks may play an important role too for loops with junctions where kinks prolif- 
erate [59 1 . 
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Thus for k ^ k c , the integrals J± are dominated by the range of worldsheet coordinates 
\a±\ ^ Aa, with 

In that case, the phases f[3"Tj) remain also smaller than unity for 9 <^ 6? c , where we define 

42/3 

and the numerical factor 4 2//3 has been chosen for later convenience. For 9 3> 9 C or /c <C fc c , 
the integrals i± are exponentially suppressed because the integrand oscillates rapidly. 

The full k-dependence of the integrand in Eq. (129]) can be calculated analytically in the 
stationary phase approximation, and the integral over <i 3 k can then be performed numeri- 
cally. This is done in the Appendix, where we find 



Es = c W^ (4i) 

for the energy emitted in KK modes with mode numbers n, with C ~ 0.4 (the precise 
value depends on the shape of the cusp). The integral over <i 3 k in f l2U|) is dominated by the 
contribution from k ~ k c and 9 ~ 9 C . Note that most of the KK modes are produced with a 
very large boost in the rest frame of the loop, k/m n ~ a/ m n L/4 ^> 1. The number N n of 
KK modes with mode numbers n produced by the cusp is obtained similarly by multiplying 
the integrand in (129]) by l/u>k- This gives 

N « = D %& ( 42 ) 

with D ns 0.3. 

We now discuss the range of parameters for which the calculation above is valid. It was 
shown in [48[ that, for cosmic strings of width r, the string segments on both sides of the 
cusp overlap in the region a ^ yrL around the cusp. For cosmic super-strings, this means 
that the distance between the two string segments in the rest frame of the cusp is shorter 
than the (local) string scale for a <; a/ ' L/M s . The effective description of the loop dynamics 
based on the Nambu-Goto action would break down in this regime, so we must require the 
range Aa of values of o± relevant for the above calculation to satisfy Aa > L/M s . For 
k > k c and using Eq. (139]) . this gives 

k c < k < — \J M S L . (43) 

7T 



The constraint k < M s \JM S L also ensures that the energy of the KK modes is smaller than 
M s in the rest frame of the cusp. As shown in the Appendix, the calculation of the energy 
( j4T]) and number ( 142]) of KK modes with mode numbers n emitted by a cusp is dominated 
by a range of a values which is larger than ( 139]) evaluated at k — k c . This is larger than 
v/ L/M s for m n ^ M s . Thus the main constraint is that the calculation be limited to KK 
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modes that are lighter than the fundamental (local) string scale M s , which is consistent with 
neglecting fundamental string excitations 8 . 

Up to now, we have considered the production of KK modes with given mode numbers 
n by a cusp. We now calculate the total energy emitted by the cusp in the form of massive 
KK modes. To do this, we have to sum Eq. (1411) over all the KK modes of mass m n < M s . 
This gives 

mn<M a 

E= J2 E n = ^g 2 -^ A ^ A VL (44) 



where we have defined 



n E = 



2C 



(2tt)V4 I R 



d-l/2 



m,n<M a 



and we have used Eqs. ffTUl [221) . ffT9l l2Tj) and ff28l) . The coeffficient k e depends on the details 
of the compactification and of the KK spectrum. As discussed below Eq. fl28|) . Eqs. (jHJ 
|45|) apply both to the case of a flat internal space with d large extra dimensions (of radius 
R 3> s/ot') and, for d — 6, to the case of a warped throat (with a radius of curvature 
R = 27r R at the bottom of the throat). 

In the case of toroidal compactification with d large extra dimensions discussed in sub- 
section [TTB], we have c n = |n| = \fn\ + ... + n 2 d , see Eq. fT2"6]) . In that case, many KK modes 
are lighter than the string scale and we calculate the sum over n in Eq. ( )45i) by approximating 
it with an integral 

rrin<M s „ „ / D \ d—1/2 

where Sd-i is the area of the (d — 1) -dimensional unit sphere. Eq. (I4"5j) then shows that ke 
is independent of -R/a/o 7 , with ke ~ 2 — 3 for d = 1 — 6. Indeed, when R/y/a' increases, 
the coupling A„ of the cosmic string to a given KK mode decreases, but the number of KK 
modes whose mass is smaller than M s increases. Correspondingly, the factor in front of the 
the sum in (1451) decreases, but more terms must be included in the sum. These two effects 
compensate each other. 

In the case of a warped throat, we must use Eq. (14"5]) with d = 6. The detailed KK 
spectroscopy for a compact throat is in general not known. However, for a Klebanov- 
Strassler throat approximated as a patch of AdS^ x T 1,1 , we can estimate ke by using Table 



1 of 55] for the spectrum of the lowest-lying spin-2 KK modes. We find again that ke does 



The region around the cusp where the distance between the two string segments is shorter than the string 
scale may lead to the production of string states, which would then decay into KK modes. One can then 
expect this extra energy released in string states to be comparable to the one emitted by cusp annihilation 



on field theory cosmic strings [48(. As we will see, this is of the same order of magnitude as the total 
energy emitted directly into KK modes within the regime of validity of the Nambu-Goto description that 
we consider here. Therefore, the production of string states would not modify the order of magnitude of 
our results. At a more accurate level, however, one or the other effect may dominate, depending on the 
parameters. 
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not significantly depend on R/\fot', with ke ~ 10 for a range of values around R/ ' \fa' ~ 10. 
This is of the same order of magnitude as the value that we obtained above for a flat internal 
space with large volume. Note that, in the case of a warped throat, the characteristic scale 
R = 2n R for the curvature of the throat (jlj) should be larger than y/a' in order to trust 
the super-gravity approximation, but it is not expected to be much larger. Thus a relatively 
small amount of KK modes are lighter than the string scale, but their coupling to the cosmic 
strings is much stronger than in the case of a flat internal space with large volume. We see 
that ke and the the total energy (jUJ) emitted in massive KK modes by a cusp are comparable 
in both cases. 

The total number of KK modes emitted by a cusp can be calculated in a similar way, by 
summing fj4*2|) over all the modes with m n < M s . This gives 

mn<M a 

N = N n = K N g 2 s - 2x (47) 

n 

where we have defined 

^ = 7- l^rr) V C MS) 




and we have used Eqs. (HOI I22D, (US EZD and 

In the case of toroidal compactification with d large extra dimensions, we can again 
approximate the sum by an integral as in (146 p . For d > 3, we find again that is 
independent of R/y/a', with ~ 0.4 — 0.6 for d = 3 — 6. However, for d = 2, 
now depends logarithmically on R/y/a'. Furthermore, in the case of only one large extra 
dimension, d — 1, the sum over the (in that case single) quantum number n is dominated 
by the minimal value n — 1, and is proportional to R/yfa'. Finally, in the case of a 
Klebanov-Strassler throat, we estimate kn by using the results of [55[ as we did for ke- We 
find ~ 3 for a range of values around Rj \fa' ~ 10. Putting all this together, the total 
number of KK modes emitted by the cusp is given by 

(O.lg^ 2 ^ iord=l 
N « I 0.1 g 2 - 2 * In (^P=) for d = 2 (49) 
t k n g 2 ~ 2x for d > 3 and warped throat. 

Note that, for d = 1 large extra-dimension compactified on a torus, R ^> yfa' and iV is 
strongly enhanced. In that case, many light KK modes with vn n ~ 1/R are emitted by the 
cusp. However, most of the energy is still carried away by a small amount of much heavier 
KK modes with ~ M s , so that the total energy (T4"4"|) that is emitted is of the same order 
of magnitude as in the cases with d > 2. 

The power emitted in massive KK modes by a loop of length L can be calculated as 
Prk ~ cE/T, where c is the average number of cusps on loops per oscillation period 
(expected to be c ~ 1) and T = L/2 is the period of oscillation. Using (|44|) . this gives 

u 3/4 

Pkk = T KK ^= (50) 



with 

T KK 



CK E g 2 -^. (51) 
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For c « 1, ke « 10, and g s 0.1 — 1, this gives r#K ps 0.1 — 10. 

Interestingly, the power emitted in KK modes by cosmic super-strings is comparable the 
one emitted by standard Abelian-Higgs cosmic strings in their constituent field through the 
process of cusp annihilation. When two segments of a field theory cosmic string overlap, 
their stability is not anymore protected by topology and they can annihilate into radiation 
of the fields that constitute the cosmic string. This occurs in particular around a cusp, 
where string segments of invariant width r overlap in the region cr c ~ y/r L and release 
the corresponding energy \xo c in the form of (highly boosted) particles of the constituent 
fields [II]. For r ~ /i -1 / 2 and c ~ 1 cusp per oscillation period, the power emitted in massive 
particles is 9 

Tpart /i 3/4 

-Pcusp annihil ~ PrK ~ = Ppart (52) 

where T part ~ 1. Similarly, cusp annihilation emits about 1 particle of the constituent fields, 
which is comparable to ( 1491) for d > 2, up to factors of the string coupling g s . Indeed, 
whether for KK emission by cosmic super-strings or for cusp annihilation on field theory 
cosmic strings, the dynamics of the cusp is the same in both cases and there are only 
two independent scales in the problem (// and L), so it is not surprising a posteriori that 
the results are similar in both cases. Note however that we obtained our results for KK 
emission by a perturbative calculation within the regime of validity of the effective Nambu- 
Goto description. By contrast, cusp annihilation is a non-perturbative process that occurs 
beyond the Nambu-Goto approximation. We will also see in the following that KK emission 
by cosmic super-strings may have specific cosmological consequences. 



IV. CONSEQUENCES FOR THE LOOP NUMBER DENSITY AND THE 
FRICTION-DOMINATED EPOCH 

Before addressing cosmological consequences of KK emission, we must study how it mod- 
ifies the number density of loops in the universe. Since we saw above that the power emitted 
in KK modes by cosmic super-strings is comparable to the one emitted by cusp annihilation 
on standard Abelian-Higgs cosmic strings, the effects on the loop number density are the 
same in both cases. In this Section, we will therefore call "massive particles", or simply 
"particles", the quanta produced by cusps, whether these are KK modes or quanta of the 
constituent fields of Abelian-Higgs cosmic strings. 

In addition to massive particles produced at cusps, cosmic string loops emit gravitational 
waves throughout their oscillations, with the power 

Pgrav = T Gfl 2 (53) 

where T ~ 50 depends on the loop oscillation (see e.g. (6oT |) 
see that loops of size 

r 2 

part 



9 Abelian-Higgs cosmic strings of the extreme type-I kind have a larger width r so that T part ^> 1 in that 
case, see e.g. [44| . 



Comparing f[5"3"j) with f l5"2"j) . we 

(54) 
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emit the same amount of energy in massive particles and in gravitational radiation. Par- 
ticle emission dominates for smaller loops. Compared to the case where only gravitational 
radiation is taken into account, the loops with L < L = will thus have a shorter lifetime, and 
therefore also a smaller number density. Such loops are relevant mainly at early times or 
for small string tensions fi. 

After a possible early friction-dominated evolution (where the motion of the strings 
is heavily damped due to their interactions with particles in the high-density thermal 



plasma [6lL 62]). a network of cosmic strings enter a scaling regime where its energy den- 
sity remains a fixed fraction of the total energy density of the universe. The effect of the 
friction-dominated epoch, in particular for cosmic super-strings, will be discussed in sub- 
section IIVBI In the scaling regime, the network of long strings loses energy by producing 
loops at the rate [l| 

when loop production is indeed responsible for maintaining the scaling regime. Numerical 
simulations give ( ~ 10 in the radiation-dominated epoch 10 . For cosmic super-strings, 
the reconnection probability p can be smaller than unity. This is expected to increase the 
number density of strings, and we took this effect into account in (155]) through the factor 
The exponent is usually expected to be = 1 27|, but the values = 2 [7] and 



0.6 |63[ have also been obtained. We therefore keep (3 as a parameter here. Typical values of 
the reconnection probabilities obtained in [|33[ are in the ranges 10~ 3 <^ p <^ 1 for F-strings 
and lO^ 1 <^ p <^ 1 for D-strings. 

The loop number density depends crucially on the scale of loop production from the 
network of long strings. This issue is still under debate, see e.g. 64j-l68j . According to the 
most recent simulations [67, 681. the characteristic initial size Li of the loops depends on the 
cosmic time t when they are produced as 

Li = at (56) 

with a ~ 0.1. This is the picture that we will adopt in the following. In that case, the initial 
size of the loops depends on the network dynamics on large scales and not on the energy 
radiated by the long strings on smaller scales. Thus, even if the long strings themselves emit 
massive particles too, this should not modify the initial size of the loops. 



A. Loop Number Density in the Scaling Regime 

Consider first the rate at which a loop shrinks once it is produced. Its instantaneous 
energy E = fiL is radiated in gravitational waves and in massive particles at the rates ( 153]) 
and ( 152]) . respectively. Its length then varies as 



L= -TGfx + \ -F (57) 




10 The value of £ can be an order of magnitude smaller for loops produced during the matter-dominated era. 
In the following, we will only be interested in loops produced during the radiation-dominated era. 
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where a dot denotes derivative with respect to cosmic time t and we have used Eq. 
The lifetime of a loop of length L > L = is dominated by the time it spends shrinking from 
L to L = by emitting mostly gravitational waves: At ~ L/(TGfi). This is larger than the 
Hubble time t for L > TGfit. On the other hand, a loop of length L < L = shrinks to zero 
size by emitting mostly massive particles, in a time At ~ /i 1 / 4 L 3 ^ 2 /T part . This is larger than 
the Hubble time for L > L part (t), where 

Lpart(t) = ~~r/6 ■ ( 58 ) 

Thus in both cases, loops survive during more than a Hubble time if their length statisfy 
L > L H (t), where 

L H (t) = Max [TGfit, L part (t)} (59) 

with Max [a, b] = a or b, whichever is larger. 

There is a unique time t^ where the three length scales L = , L part (t) and TGfit are all 
equal to each other 

r 2 r 2 + 

, part part L Pl ((zr\\ 

" ~ {TGfif^Jl ~ ~T r (G/i) 7 /2 ^> 

where tp\ ~ 5.4 x 10~ 44 sec is the Planck time. Note that L = < L part < TGfit for t > £ M , 
while TGfit < L part < L = for t < t^. For t > t^, the loops are long-lived compared to the 
Hubble time if they are produced with an initial length Lj = at > Ljj(t) = TGfit, which is 
always satisfied for a ~ 0.1. For t < t^, the loops are long-lived if Li = at > L part (t), which 



gives a > T part / y /i 1 / 2 Li. Again, this is always satisfied for a ~ 0.1, because T part ~ 1 and 
ft 1 / 2 Li ^> 1. Thus in either case, the loops survive for more than one Hubble times after 
their production. At a given time t, there is a distribution of loops with all lengths L < at. 
Of particular interest are the loops with length L = Ln{t), which are going to die in about 
one Hubble time. For t > t^, integrating Eq. (1571) between Ln(t) = TGfit and Li = ati gives 
Li — Lh{£) ~ Ln{t) for t ^> tj. For t < t^, integrating Eq. ( 157|) between Luif) = L part (t) 

and Li = ati gives L^ 2 — L 3 ^ 2 (t) ~ L 3 ^ 2 (t). This shows that, in both cases, the loops of 
length L = at time t where produced at the time ti ~ L^(t)/a t. 

The quantity of interest is the number density of loops of length L at time t, n^t). This 
is defined so that the number of loops with lengths between L and L + dL per unit physical 
volume at time t is riiit) dL. A detailed study of riL(t) at all lengths L for loops emitting 
both gravitational waves and massive particles will appear elsewhere. Here we will only 
present the results that we will need in the next Section. During the radiation-dominated 
era {t < t eq ~ 1.8 x 10 12 sec), the loop number density can be written as 

C r>~ p xfa 

Tort<t eq : n L (t) « ^5/2 J/2 for L H (t) < L < at (61) 

where we assume that all the loops are produced from the network of long strings with 
the same initial size Li = at at time t. The loops with length L = Ln(t) have a lifetime 
of the order of the Hubble time and are the most abundant ones. The loops with length 
L < Ln{t) have a number density that is further reduced by particle emission and they will 
not be relevant for us. For t > t^, Eq. (1591) gives Luit) = TGfit and Eq. ( 16T1) reduces to the 
standard result for loops emitting only gravitational waves, see e.g. On the other hand, 
for times and string tensions such that t < t^, most of the loops decay by emitting mainly 
particles, so their lifetime and their number density is reduced. 
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Consider now the loop number density during the matter-dominated era, at a time t > t eq . 
If loops produced during the radiation-dominated era survive until the time t, they dominate 
the loop number density at that time. This occurs if Ljiif) < at eq . For t < t^, this 
condition reads L part (t) < ott eq . For T part ~ 1 and a ~ 0.1, this is satisfied until today 
(t = t ~ 4.3 x 10 17 sec) when G\i ^ 10~ 93 . Thus, when t < t M , loops produced during the 
radiation dominated era survive until today for any realistic value of the string tension. On 
the other hand, for t > the condition L H (t) < at eg reads YGpit < at eg . For T ~ 50 and 
a ~ 0.1, this is satisfied until today for G\x <^ 10~ 8 , which will hold for the cosmological 
applications we will consider in the next Section. Thus in both cases, the loop number 
density during the matter era is dominated by loops that have been produced during the 
radiation era. It can be written as 



For t > t eq and Ln(t) < at 



n L {t) 



£5/2 t 2 



"1 



for L H (t) < L < at eq (62) 



where the loops with length L = Luif) are again the most abundant ones. As was the 
case in the radiation era, Eq. ( 1621) reduces to the standard result for loops emitting only 
gravitational waves when t > i^, while the loop number density is further suppressed by 
particle emission when t < £ M . 

In the following Section, we will be interested in the total energy density in KK modes 
that is emitted by the population of loops per unit time. This can be calculated as 



pKK{t) 



dL n L (t)P KK 



(63) 



where Pkk is the power ( !50l) emitted in KK modes by a loop of length L, and we now set 
Tpari = ^kk- The integral over loop lengths is dominated by the contribution of L m Lnit). 
In the radiation-dominated era, this gives 



PKKit) 



(TGfi) 2 t 7 / 2 



Min 



f 2/3 
72/3 



for t < t 



eq 



(64) 



where we have used (1611) with (|59|) and fl60|) . In the matter-dominated era, we have instead 



pKK{t) 



eq 



(TG/j) 2 t 4 



Min 



f 2/3 

273 



t 



for t > t 



"i 



(65) 



where we have used (1621) . In these two equations, Min[a, b] = a if a < b and b if b < a. 

For the cosmological consequences to be discussed in the next Section, it is important to 
note that pkk oc yU~ 5//4 for t > while pkk oc fi 13 ^ 12 for t < t^. At a given time t, if the 
string tension is sufficiently large so that t > t^, most of the loops decay by emitting mainly 
gravitational waves. Decreasing [i then increases the loop lifetime, and thus also the loop 
number density and Pkk- However, when \i becomes sufficiently small, becomes smaller 
than t. For t < t M , the decay of the loops is dominated by KK emission. Decreasing /x then 
decreases the lifetime of the loops, and thus also their number density and pkk- 



B. Consequences of the Friction-Dominated Epoch 

We now discuss the effect of the friction-dominated epoch of cosmic string evolution on 
the loop distribution considered in the previous sub-section. 
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After their formation at time tf ~ tpi/ (Gp), the motion of field theory cosmic strings is 
usually heavily damped due to their interactions with the high-density thermal plasma of 



the universe [6lL |62| . This friction-dominated, or damped evolution ends at the time [l| 



td ~ (G >1 y (field theory cosmic strings) . (66) 

After that time, the strings start to acquire relativistic velocities. 

On the other hand, the damping of the motion of cosmic super-strings has not been stud- 
ied so far. Cosmic super-strings are more likely to be stable if they are somehow decoupled 
from other degrees of freedom, in particular from the Standard Model fields [sj. Therefore, 
their interactions with the standard thermal plasma, and the resulting friction force, may 
be much less efficient. However, cosmic super-strings interact generically with KK modes, 
as we have seen. In particular, KK modes are abundantly produced by brane / anti-brane 
annihilation at the end of brane inflation, and they are then expected to quickly thermal- 
ize 55|, |69| . Alternatively, KK modes may be produced thermally in the early universe at 
high temperatures, since we saw that their mass is smaller than the temperature T ~ V //I at 
which cosmic super-strings form. We then expect the motion of the strings to be damped 
by their interactions with this thermal gas of KK modes. This should occur at least in the 
case of a warped throat, where the KK modes are strongly coupled to the cosmic strings, as 
we discussed in sub-section III Al However, this damping can be efficient only for a relatively 
short amount of time. Indeed, when the temperature of the universe drops below the mass of 
the lowest-lying KK mode (n = 1 in (fT3|) ). all the KK modes become non-relativistic. After 
that time, their number density is exponentially (Boltzmann) suppressed, so their interac- 
tions with the cosmic super-strings should become inefficient. The lowest-lying KK modes 
become non-relativistic at the time t ~ Mpi/T 2 when the temperature is T ~ m; ~ e Ab /R. 
Using ( TTU|) . this gives 

R \ tp\ 



— — (cosmic super-strings in a warped throat) (67) 

Gr/i 

for the end of the friction-dominated era in that case. This estimate is model-dependent 
and should be checked more carefully. However, comparing with (166]) and remembering 
that R/y/a' should not be parametrically large in a warped throat, we see that the friction- 
dominated era may be significantly shorter for cosmic super-strings than for field theory 
cosmic strings. 

In the previous sub-section, we neglected the effect of friction. For short-lived loops, 
this is valid as soon as t > td- For long-lived loops, however, we must further require that 
the loops present at a given time t were produced at a time ti after the friction-dominated 
epoch, ti > td- For t > t^, we saw that the loop number density is dominated by the loops 
with L = TGfit, which are produced at the time ti = TG fit/a. Using ( 160]) with a ~ 0.1, 
Tpari ~ 1 and T ~ 50, one finds that ti > td is always satisfied for t > t M , td < tpi/(G/i) 2 and 
Gfi < 10 -5 . Therefore, the total number density of loops and pkk are not affected by the 
friction-dominated epoch when t > t^. This epoch can only affect the total number density 
in the regime t < t M , where particle emission dominates over gravitational emission. 

For t < t^, we saw that the loop distribution at a given time t is dominated by the loops 
with L = L part (t), which are produced at the time ti = L part (t)/a. This is greater than td 
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at times t > t*, where 

3/2 1/4 £ 3/2 

*. ~ P d ■ (68) 

J- part 

At times t > t*, the friction-dominated epoch does not affect the total number density of 
loops and Pkk- On the other hand, at times t < £*, loops of size L = L part (t) are not present 
since they would have been produced before t d . At these times, there are only larger loops, 
which have a smaller number density, so that pkk would be reduced compared to the result 
given in Eqs. (EH 165]) . 



V. CONSTRAINTS FROM BIG-BANG NUCLEOSYNTHESIS, THE DIFFUSE 
GAMMA-RAY BACKGROUND AND GW EXPERIMENTS 

We now address cosmological consequences of KK emission by cosmic super-strings. 

Once produced by cusps, the fate of the KK modes depends a priori on their couplings to 
the Standard Model fields and other degrees of freedom, which in turn depends on how the 
Standard Model (SM) is realized in the internal space. For instance, in the case of a warped 
throat with the SM fields localized on a brane, the coupling between the KK modes and the 
SM depends exponentially on the proper distance between the brane and the bottom of the 
throat (where the cosmic strings and the KK modes are localized). In general, however, the 
KK modes should decay mostly and relatively quickly into Standard Model (SM) degrees 
of freedom. Indeed, because the KK modes are light, they are also abundantly produced in 
the early universe at high temperatures. For instance, they are the main decay products of 
brane / anti-brane annihilation at the end of brane inflation, and their energy must then 



be efficiently converted into SM degrees of freedom in order to reheat the universe [55|, [69 
These KK modes produced at early times must decay mostly into SM fields, and at the 
very last before the onset of Big-Bang Nucleosynthesis, for the scenario to be cosmologically 
viable. 

On the other hand, cusps on cosmic super-strings emit KK modes throughout the evo- 
lution of the universe, until the present epoch. The energy released in the cosmological 
medium when these KK modes decay into SM particles is then constrained by observations. 
More precisely, when the SM is realized on some brane in the internal space, the KK modes 
should decay mainly into photons and gluons, see [70] for the branching ratios of KK modes 
into the different SM species localized on a 3-brane. The injection of such particles in rel- 
atively recent cosmological epochs is severely constrained by different cosmological probes, 
in particular Big-Bang Nucleosynthesis (BBN), the Cosmic Microwave Background (CMB) 
and the diffuse gamma-ray background. We now study how this constrains cosmic super- 
strings. Similar constraints have been studied for topological defect models of ultra-high 



energy cosmic rays in [43| and for Abelian-Higgs cosmic strings in the extreme type I regime 



m 
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In the following, we will assume that, once produced by cusps, the KK modes decay 
in less than one Hubble time. This would certainly be true for KK modes produced at 
rest in the cosmological frame. Indeed, the lifetime at rest r r of most KK modes must be 
smaller than at least the time when BBN starts, r r < 1 sec, while in the following we will 
be interested in later times, t ^ 10 8 sec. In general, however, some of the KK modes can be 



long-lived, see e.g. [55|]. Furthermore, the KK modes emitted by cusps are highly boosted in 



the cosmological frame, as discussed in Section IHIl Their decay can then be delayed, until 
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their energy has been sufficiently redshifted by the expansion of the universe. In that case, 
KK modes decaying at a given time have been produced earlier, when the loop number 
density was much greater, so that much more KK mode energy was produced. The energy 
density of the KK modes is then diluted by the expansion until they decay, but the net effect 
is still an increase of the energy density of the KK modes when they decay This would 
then lead to stronger constraints compared to the ones we will obtain below by assuming 
that the KK modes decay in less than one Hubble time. However, at times t ^ 10 8 sec, 
this occurs only for relatively large values of r r , not much below 1 sec, which is strongly 
model-dependent. In order to obtain conservative constraints, we will therefore not consider 
such a possibility. 

The most stringent constraints on energy injection after recombination, at cosmic times 



t ^ 10 13 sec, come from observations of the diffuse gamma-ray background, see e.g. Tl|, ]72 
Once the KK modes decay into photons and gluons, an electromagnetic cascade is very 
quickly established. The gluons hadronize and produce jets composed mainly of pions and a 
smaller fraction of nucleons. The neutral pions decay into photons and the charged ones into 
muons and neutrinos. The muons then further decay into electrons, positrons and neutrinos. 
The photons, electrons and positrons thus produced experience very fast cascade interactions 
with the cosmological photon background, until the energy of the injected photons falls below 
the threshold for electron-positron pair production. As a result, most of the energy injected 
into the cosmological medium by the decay of the KK modes is quickly re-processed into a 



diffuse flux of gamma-rays with energies below 100 GeV (73j, which is constrained by the 



EGRET [74J and Fermi-LAT |75| experiments. 

The cascade energy density accumulated up to the present epoch {t = t ~ 4.3 x 10 17 
sec) can be calculated as 

Ucas ~ fern / dt p KK {t) —— (69) 

Jt cas a [to) 

where f em ~ 0.5 is the fraction of energy density that goes into the electromagnetic cascade, 
and the last factor comes from the redshift of the photon energy density from the time of 
production until today. The lower limit in the time integral above comes from the fact that 
photons produced at too early times are absorbed by the cosmological medium. Following 
[371 ] . we neglect the contribution of the epochs with redshifts z > z cas ~ 60 to the cascade, 
which gives t cas ~ 10 15 sec in Eq. (1691) 11 . Neglecting the late-time acceleration of the 
universe expansion, we have a(t) oc t 2//3 during the matter-dominated era and we can use 
Eq. (1651) for the rate of energy density emitted in KK modes, pxK{t)- The time integral in 
(I6"9"]) is then dominated by its lower limit for t M < t cas , by its upper limit for > t , and by 
the contribution of t = for t cas < t M < t . This gives 
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(70) 

^cas < 

u cas X — 5.8 x 10 _7 eV/cm 3 . The resulting constraint on cosmic super-strings in the (p -13 , Gp)- 



Recent results from the Fermi-LAT experiment 75] lead to the constraint (76| 



The precise value of t cas is in any case not very important here, because it only affects the upper range 
of string tensions constrained by the diffuse gamma-ray background, where the constraints from BBN are 
stronger anyway. For the lower range of string tensions constrained by the diffuse gamma-ray background, 
the time integral in Eq. (|69l) is dominated by its upper limit. 
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plane is shown in Fig. [2] for £ = 10, a = 0.1, T = 50 and Tkk — 1- The region inside the 
parabola-like curve (in blue) in the lower-half of the plot is excluded by observations of 
the diffuse gamma-ray background (DGB). As the reconnection probability p decreases, the 
loop number density and the total energy density emitted in KK modes increase, so the 
constraint becomes stronger. For a given value of p, a range of tensions /i is excluded. In the 
upper-half of this range, the loop number density is dominated by gravitational emission, 
as discussed below Eq. (165 p . In this regime, increasing /i decreases the loop number density 
and the total energy density emitted in KK modes, so that u cas < cu™ x for sufficiently large 
tensions. On the other hand, in the lower-half of the excluded region, the loop number 
density is dominated by KK emission. The loop number density and u cas then decrease 
when p, decreases, so that sufficiently small tensions are not constrained either. 




FIG. 2: Constraints on cosmic super-strings from KK emission in the (p _/3 , G^)-plane, for £ = 10, 
a = 0.1, r = 50 and Tkk = 1- The region inside the two straight lines (in red) in the upper-half 
of the plot is excluded by BBN (photo-dissociation of 4 He). The region inside the parabola- like 
curve (in blue) in the lower-half of the plot is excluded by observations of the diffuse gamma-ray 
background (DGB). 



The production and decay of KK modes at earlier times are constrained by their effects 
on the light elements synthetised by BBN. These constraints are usually derived for a back- 
ground of long-lived relic particles at rest, which decay when the cosmic time is of the order 
of their lifetime, see [77[ for a recent study. Two kinds of processes affecting the abundance 
of the light elements are distinguished, the radiative and hadronic ones. The radiative 
processes are due to the photon background produced by the decaying particles through 
electromagnetic cascade. When they are energetic enough, these photons produce D and 
3 He by dissociation of 4 He, thus altering the successful predictions of standard BBN j2S|. 
Similarly to the diffuse gamma-ray background, this constrains the total energy density in- 
jected into the cosmological medium. The injection of hadrons, on the other hand, leads to 
inter-conversions between neutrons and protons 79j and hadro-dissociation of background 
nuclei [80| . The resulting constraints depend on both the number density and the energy of 
the injected hadrons. The constraints derived for a background of relatively light relic par- 
ticles at rest cannot therefore be directly applied to our case of heavier and highly boosted 
KK modes produced by cusps. On the other hand, the constraints from radiative processes 
can be directly applied, because they depend only on the total energy that goes into the 
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photon background produced by electromagnetic cascade. We will therefore focus on the 
latter. 

For long-lived particles with lifetime tx, the bounds from radiative processes obtained in 
Ref. [77[ (see Fig. 42 of that paper) read 12 px/s ^ 10~ 14 GeV for tx ranging from about 10 8 
to 10 12 sec. Here px/s is the energy density of the long-lived particles in units of the entropy 
density before they decay. Contrary to long-lived relic particles decaying at time t ~ Tx, KK 
modes are produced by cusps and decay continuously. Since in the former case the decay 
occurs mainly in one Hubble time around tx, we will impose the constraints of [77j on the 
energy density injected by the KK modes decay in one Hubble time, Ap in j « t pkk- We 
expect this approximation to be conservative because it neglects the cumulative effects that 
the continuous decay of the KK modes may have. Using (j64H in the radiation-dominated 
era, this gives 
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where we used s ~ 0.1/(i 3//2 G 3 ^ 4 ) for the epoch under consideration. As discussed above, 
Api n j/s should be less than 10~ 14 GeV for t ranging from 10 8 to 10 12 sec. It is clear from 
(ITTj) that the strongest constraint comes from the smaller time in this interval. Ref. 77 
also obtains similar constraints for long-lived particles decaying at earlier times, 1 sec <^ 
t <z 10 7 sec. However, these constraints result from hadronic processes and are therefore 
not directly applicable to our case, as discussed above. We note however that hadronic 
processes could lead to stronger constraints on cosmic super-strings. 

The constraint on cosmic super-strings in the (p _/3 , G/z)-plane from the photo-dissociation 
of light elements is shown in Fig. |2] for the same values of the parameters as before. The 
region inside the two straight lines (in red) in the upper-half of the plot is excluded by 
BBN. The qualitative behavior of the constraint when p and p vary is the same as for the 
diffuse gamma-ray background. However, BBN constrains larger values of the string tension. 
In Fig. [H we also show the combined constraints from BBN and the diffuse gamma-ray 
background for other values of the parameter Tkk- 
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FIG. 3: Same as Fig. [2] but for Tkk = 0.1 (blue, plain lines) and Tkk = 10 (red, dashed lines). 



12 Constraints from CMB distortions [81| are typically milder, except for tx ~ 10 12 sec where they become 
comparable. 
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It is clear from Figs. [2] and [3] that KK emission is constrained mainly for relatively small 
reconnection probabilities p or large values of the parameter Tkk- For cusp annihilation 
on standard Abelian-Higgs cosmic strings, with p = 1 and T part ~ 1, only a very small 
range of string tensions around Gfi ~ 10~ 16 might be constrained, although a more careful 
analysis would be required in that case. For cosmic super-strings, the reconnection prob- 
ability depends [53[ on the string coupling g s , on the kind of strings that are present or 
dominate the loop number density, and on a volume suppression factor that depends on the 
compactification details. This latter factor comes from quantum fluctuations of the strings 
in the internal space. On the other hand, the parameter Tkk defined in Eq. f loTj) depends 
on g s , on the compactification details through the parameter ke that encodes the effects of 
the KK spectrum, and on the kind of strings that are present or dominate the loop number 
density (x = for F-strings and x = 1 for D-strings). The constraints also depend on the 
average number of cusps per loop oscillation period c and on the way that the loop number 
density varies with p, through the parameter defined in f lol)]) . The values c = 1 and f3 = 1 
are often expected to be good approximations, so we now further discuss the constraints in 
that case. 

The parameters Tkk and p are in general not independent, since they both depend on the 
string coupling g s and on the compactification details, in particular on the compactification 
scale Rj xTa* . To illustrate this, we now focus on the most studied example of throat geom- 
etry, which is based on the Klebanov-Strassler (KS) solution discussed in sub-section III Al 
We also assume that only F-strings are present or dominate the loop number density. When 
different kinds of strings are present and interact, we expect the F-strings to dominate the 
loop number density, because they typically have the smallest reconnection probabilities (53| • 
The reconnection probabilities for cosmic super-strings in a KS throat depend on the ratio 
Rjxfa' given in Eq. fl5]). They were studied in detail in j53[. The results of that paper show 
that, except for 1 < R/y/a' ^ 4, p depends only logarithmically on R/\fo' for F-strings, 
with p w 0.15g 2 for R/y/c/ ~ 10. As discussed below Eq. f l4"6]) . k e ^depends also weakly on 
R/y/a' in that case, with ke ~ 10 for a range of values around R/\fa' ~ 10. For c = 1, 
Eq. (joTj) then gives Tkk ~ 10g 2 101 F-strings (x = 0). The BBN and DGB constraints from 
KK emission for these values of Tkk and p are shown in Fig. [4] in the (g s , G/i)-plane. These 
constraints exclude the lower shaded region on the figure. 

For comparison, we also show in Fig. [4] the regions of the parameter space for which the 
stochastic GW background produced by the loops is accessible to current and future GW 
experiments, as discussed in j30[. The upper shaded region on the figure is excluded by 
current pulsar timing observations for these values of the parameters. The region above the 
(blue) dashed line can be probed by Advanced LIGO, while the region above the (red) plain 
line is accessible to the ESA space interferometer eLISA 82| ■ Note that the effect of particle 
production on the loop number density was not taken into account in the calculation of the 
GW background in [30j]. The smallest values of the string tension that are accessible to 
eLISA in Fig. [4] correspond to GW that were produced at redshifts z ~ 1. These should not 
be modified by particle production. On the other hand, particle production could affect the 
smallest values of the string tension that are accessible to Advanced LIGO. This however 
would not change our conclusion about the complementarity between KK and GW emission 
in probing the parameter space of cosmic super-strings. 

We see from Fig. [4J that the combination of the current constraints coming from GW 
emission (pulsars) and KK emission (BBN and DGB) leads already to stringent limits on G/j,. 
In particular, for g s ~ 0.05, the string tension is restricted to the ranges 10~ 15 <^ Gfi <^ 10 -12 



24 




0.05 



FIG. 4: BBN and DGB constraints from KK emission for F-strings in a KS throat, with £ = 10, 
a = 0.1, r = 50, c = j3 = 1 and i?/\/o7 ~ 10 (see the main text for details). We also show for 
comparison the regions of the parameter space for which the stochastic GW bacground produced 
by the loops is accessible to different GW experiments, calculated from [3(J. The lower shaded 
region is excluded by either BBN (in its upper part) or DGB (in its lower part) due to KK emission. 
The upper shaded region is excluded by current pulsar timing observations due to GW emission. 
Finally, the region above the (blue) dashed line can be probed by Advanced LIGO, while the region 
above the (red) plain line is accessible to the ESA space interferometer eLISA 82], 



or Gfi <; 10~ 21 . Furthermore, the whole region between the two shaded areas in Fig. HJ 
which is currently unconstrained, will be accessible to either Advanced LIGO or eLISA. If 
no cosmological GW background is found by these experiments, the lower value of Gfi that is 
constrained by KK emission would then set the strongest upper bound on the string tension. 
This upper bound reads Gfi <^ 2.5 x 10~ 17 g^' /13 for the BBN constraint (g s ~ 0.3 — 1 in 
Fig. HJ) and Gfi £ 10- 18 #f /13 for the DGB constraint (g s £ 0.3 in Fig. H}. 

The best outcome, however, is of course that these experiments do observe a stochastic 
GW background. Unfortunately, the predictions for the GW spectrum from cosmic super- 
strings are highly degenerate in the (p, G/x)-plane. Therefore, even in the most optimistic 
case where we can gain confidence in the fact that the observed background is produced by 
cosmic strings, it will not be possible to determine the fundamental parameters. The BBN 
and DGB constraints will then allow to discriminate between a wide range of possibilities, 
because they rule out a significant part of the cosmic super-string parameter space that 
would otherwise be accessible to Advanced LIGO or eLISA, as shown in Fig. HJ 

Finally, it is easily checked that the friction-dominated epoch does not affect the above 
constraints from KK emission. As discussed in sub-section IIVB| the friction-dominated 
epoch may affect the rate of KK energy density emission when the loops decay mainly 
by KK emission, i.e. when t < t M and when pxx is dominated by the loops with length 
L = Lpartif). These loops are only present at times t > t*, where t* is given in f )68|) . We 
must check that this is satisfied at t ~ 10 8 sec for the BBN constraint and at t ~ to for the 
DGB one. This requires respectively Gfi ^ 10~ 19 and Gfi ^ 10~ 22 for T part ~ 1, a ~ 0.1 and 
the value of td given in flrJBT) . Thus the constraints from KK emission are not affected by the 
friction-dominated epoch for the whole range of string tensions shown in Figs. |2] to HJ For 
the smaller value of given in (I6T1) . an even wider range of string tensions is constrained 
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for smaller reconnection probabilities. 



VI. CONCLUSION 

Cosmic super-strings surviving until the present epoch may open new observational win- 
dows into string theory physics. When they are produced at the end of brane inflation, and 
in models where the CMB anisotropics come only from the quantum fluctuations of a single 
inflaton field, their tension is expected to be in the range 10~ 13 <^ G/j, <; 10~ 7 or so. The 
gravitational effects of such cosmic strings can be observable in the near future, in particular 
with upcoming gravitational wave experiments. In general, however, cosmic super-strings 
may be much lighter. As discussed in the Introduction, this occurs in particular when they 
are produced in models of brane inflation at lower energy scales, or alternatively at Hage- 
dorn phase transitions after inflation. Since their gravitational effects are much weaker, it 
is important to look for other possible signatures of such light cosmic strings, in particular 
through the production of particles. 

In this paper, we studied the production of KK modes by cusps on loops of cosmic F- 
and D-strings. The masses of the KK modes and their couplings to the cosmic strings are 
set by the geometry of the internal space, which also determines the effective string tension 
H percieved in four dimensions. For cosmic strings localized at the bottom of a warped 
throat, relatively few KK modes are lighter than the string scale, but they are strongly 
coupled to the cosmic strings. In the case of a flat internal space with large volume, the 
KK modes are only gravitationally coupled, but many of them are very light. We found 
that the total energy emitted by cusps in KK modes is comparable in both cases. It is also 
comparable (up to a numerical factor of order unity that depends on the string coupling 
g s and on the compactification details) to the energy emitted in scalar and gauge fields by 
cusp annihilation on standard Abelian-Higgs cosmic strings. However, we calculated the 
perturbative production of KK modes within the regime of validity of the effective Nambu- 
Goto description, while the process of cusp annihilation is non-perturbative and occurs 
beyond this regime. We also found that the total number of KK modes emitted by cusps is 
strongly enhanced in the case of a single large extra dimension. 

We then addressed cosmological consequences of KK emission by cosmic super-strings. 
We focused on the case where the loops are produced from the string network with a large 
initial size (Li ~ 0.1 i), as indicated by the most recent simulations [6aI68| (see the discussion 
above Eq. fl56l) ). We showed that KK emission is constrained by observations of the diffuse 
gamma-ray background and by the photo-dissociation of the light elements produced by 
BBN, as shown in Figs. [2] to HI These constraints rule out regions of the parameter space 
of cosmic super-strings that are complementary to the regions that can be probed from 
the strings' gravitational effects. In particular, the combination of the current constraints 
coming from GW and KK emissions leads already to stringent limits on the string tension, 
see Figs. HI Furthermore, the regions of the parameter space that are ruled out by KK 
emission both extend and overlap with the regions that lead to a stochastic GW background 
accessible to GW detectors such as Advanced LIGO and the ESA space interferometer 



eLISA |3Gj. The constraints from KK emission will then either extend the range of excluded 
parameters if no GW from cosmic strings are observed, or help to discriminate between a 
wide range of possibilities in the case of a detection. 

On the string theory side, the constraints from KK emission are sensitive to the string 
coupling g s and to the geometry of the internal space. In Fig. HJ we specified the constraints 
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for the most developed model based on the so-called Klebanov-Strassler throat. If other 
string theory models emerge, our calculation can be extended to other geometries of the 
internal space. This essentially requires to calculate the reconnection probabilities p and 
the coefficient k e defined in Eq. (H5"j) that encodes the effect of the KK spectrum. The 
constraints depend also on the typical size of the loops when they are produced, on the 
way the loop number density varies with p, and to a lesser degree on the average number 
of cusps per loop oscillation. These properties of cosmic strings are still uncertain and can 
hopefully be determined by the next generation of simulations. We expect however our main 
conclusion - the complementarity between KK and GW emissions in probing the parameter 
space of cosmic super-strings - to be qualitatively robust. This may ultimately allow to 
constrain or determine fundamental parameters of string theory, such as the string coupling 
g s and the compactification details. 

We have only considered KK modes that correspond to spin-2 fields in four dimensions, 
because these are the most generic ones, and we calculated their production within the 
regime of validity of the effective Nambu-Goto description. In general, however, other KK 
modes may be produced too. Furthermore, beyond the Nambu-Goto description, one may 
expect cusps to emit string states, which would then decay into extra KK modes. It would 



be interesting to study this process in string theory, see [83[ for recent developments in this 
direction. If more KK modes are produced, this may widen the ranges of string tensions 
that are constrained by KK emission towards larger values. 

That KK emission leads to constraints in a range of string tensions, as opposed to just 
a lower or an upper bound, comes from the following reason. For large string tensions, the 
loops decay relatively quickly by gravitational emission, so their number density is relatively 
small. As the tension decreases, the lifetime of the loops increases, and thus also their 
number density, leading to a larger energy density emitted in KK modes and therefore 
to stronger cosmological consequences. However, for sufficiently small values of the string 
tension, the lifetime of the loops starts being dominated by KK emission and becomes 
shorter. Further decreasing the tension then decreases the loop number density and the 
energy density emitted in KK modes, so that the constraints eventually disappear. It was 
therefore important for us to carefully take into account the effects of KK emission on the 
loop number density. These effects are important mainly for small string tensions or in the 
very early universe. We only presented here the modifications of the loop number density 
in the regimes of interest in this paper, leaving a more complete analysis and the discussion 
of other cosmological consequences for future work. 

We have followed the standard expectation that, except potentially in the very early 
universe, the cosmic super-strings are localized at a classically fixed position in the internal 



space [ly, [53| . In Ref . [84j , it was shown that the G W signal emitted from cusps is reduced 
if the cosmic strings can move in a flat internal space. In that case, KK emission would be 
suppressed too. This would presumably also lead to very small reconnection probabilities. 
However, as emphasized in [53j , the position of the strings in the internal space corresponds 
to worldsheet moduli that are not protected by any symmetry and should therefore be fixed 
at the minimum of their effective potential. In that case, there is no classical motion of the 
strings in the extra-dimensions, but the reconnection probability is reduced by the quantum 
fluctuations of the strings in the internal space. 



It was also found in Ref. [85j that, given initial conditions for the string motion and a 
warp factor generating an effective potential for their position, Hubble damping may not be 
efficient enough to localize the strings in the internal space after their production. We note 
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however that other mechanisms of damping may be more efficient. As we have mentioned 
several times, KK modes are also abundantly produced when the cosmic strings form, either 
thermally or as the decay products of brane / anti-brane annihilation. Similarly to the 
friction-dominated epoch for field theory cosmic strings, we therefore expect the cosmic 
super-strings interacting with this thermal gas of KK modes to experience a friction force 
that can stabilize their position in the internal space and damp their motion in the non- 
compact dimensions. We provided an estimate for the timescale of this process in Eq. (I6T|) . 
The friction-dominated epoch for cosmic super-strings is clearly interesting and deserves 
further investigations. 

To conclude, cosmic super-strings come generically together with light (compared to 
the string scale), and therefore cosmologically relevant, KK modes. They offer potential 
signatures of string cosmology. Other cosmological consequences of KK emission by cosmic 
super-strings remain to be studied, e.g. the production of cosmic rays or dangerous relics. 
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APPENDIX 

In this Appendix, we calculate in detail the amount of massive particles produced by a 
cusp in the stationary phase approximation. 

The interaction (|2"U|) leads to the equation of motion 

(0 + ml)h% = -^T^ (72) 

for each spin-2 field /i™^, where T^ T is the transverse and traceless part of the energy- 
momentum tensor T pv of the loop, d^TjJ = rj^T^J- = 0. The energy emitted in KK modes 
with mode numbers n by the source can be calculated as 

E * = f / \ TT ™ Vfc ' k) r ™ K ' k) (73) 

where the double Fourier transform TjJ(ojk, k) is defined as in Eqs. d30l EU). For k x k x = 
m\ 7^ 0, the transverse-traceless part of the energy-momentum tensor in Fourier space can 
be taken with the projectors 

T^(cj k , k) = O pvpa T^(cj k , k) = \P W P ua - ~ P p ^j T>"{u k , k) (74) 

where 

k k v 

Pay — f]nu o~ ■ (75) 

mi 

Using the property O pupcT 0^ v kX = O paK \, and the fact that T^o;*,, k) is already transverse 
(i.e. k^T pv = 0, since T pu is conserved), Eq. (129]) follows from Eqs. fl73 | IT4"|) . 
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The dynamics of the loop resulting from the Nambu-Goto action (Q is conveniently 
studied in the conformally flat gauge 

d T X x d a X x = d T X x d T X x + d a X x d a X x = (76) 

where j a p = y/— 7 r/ Q/3 . The solution of the two-dimensional wave equation for the string 
reads 

X»(t, a) = i [Xl(a + ) + X M (a_)] where a± = r ± a . (77) 

It follows from the the gauge constraints ( 1761) that X+ and X^_ are null vectors, X + .X + = 
= 0, where a dot on X+(cr + ) or X^(a_) denotes the derivative with respect to 
the corresponding unique variable, <j + or a_ respectively Choosing furthermore the time 
gauge where r coincides with the Lorentz time in the center-of-mass frame of the loop, i.e. 
t = X°(t, a) = r, we have X±(cr±) = a±. The dynamics of the loop is then described by the 
two 3-vectors X + and X_. These are periodic functions of a± of period L, where L is the 
invariant length of the loop, and their derivative has unit norm, |X + | = |X_| = 1. 

We can choose the coordinates in Eq. (177)1 such that the cusp occurs at a± = and 
X^ = 0. At the cusp itself, we have 

P = (l,n) = X£(0)=^(0) (78) 

where n 2 = 1. In the vicinity of the cusp (a± <C L), we have 

X£(a ± ) ~ P a ± + ~ X£(0) a 2 ± + ~ X^(0) 4 (79) 



and the gauge constraints (176]) impose 

1. 1 = l.X±(0) = , /.Xi 3) (0) = -X 2 (0). (80) 
It is convenient to introduce the vector 

d" = F = (0, d) where d = n . (81) 

As discussed below Eq. ( )35|) . the phases in the integrals ( |34|) are smaller than unity for 
m n <C k ~ Uk and 6 <C 1, where is the angle between k and n. We then have d 2 ~ 
9 2 + mlKAk^) < 1. The phases in §S> can be calculated from Eqs. (j79|), ([80]) and (|8T|) as 

±* A *£ ^ ^dna ± + ^Al(0)4 (82) 

where we have neglected terms of higher order in cr±/L. Using ( 136]) and the expression for 
d above, we then get Eq. ( l37j) . 

From (l34"j) . the integrand in Eq. (129]) can be calculated as 



T^K,k)T;,(a; fc ,k)-i|T^(a; fc ,k)| 2 = ^ (j/+| 2 |/_| 2 + |J + ./I | 2 - 1 |/ + ./_| 2 ) (83) 



where we use the notations |/+| 2 = I X I+ X , /+./* = I X I1 X , etc. Using the expansion ((79 



in ( I34j) . we have 

^«Ai" + Bl|(0) + ... (84) 
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where we have defined 



.4 



and B 



(85) 



Inserting into (IBB"]) and using (1361) gives 



T^(u k , k) T; u (u k , k) - - |T A A (u; fe , k) 



2 '2tT 



\B\ 



(86) 



up to a factor of order unity that depends on the shape of the cusp. The leading terms in 
A 2 and AB in 1\ canceled because of the gauge constraints (1801) . 

The coefficient B defined in (|85|) can be calculated analytically. Using Eq. ( 13"T|) for the 
phases and defining 
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o \ -1/2 

n2 mi\ 1 2tt 
+ tt -r a ± 



k 2 
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4 (d 2 ki /3 \ 



3/2 



3tt yO 2 A; 4 / 3 i 
with fc c and 9 C given in (138| |4Q|) , we have 

-+oo 



(87) 



(88) 



B 



L\ 2 ( 2 m? 

2^ r + 



(89) 



where K u (z) is the modified Bessel function of the second kind [86|. In the stationary phase 
approximation, the first factor in the RHS of flH7|) is much bigger than unity and the limits 
of the integral above are extended to infinity. 
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FIG. 5: Variation of \B\ (arbitrarily normalized) with 9/9 c and k/k c . The left panel is for = 
or k 3> k c . The right panel is for 9 = 0. 



The behavior of \B\ as a function of 9 and k is illustrated in Fig. |5j At large argument 
v ^> 1, we have K 2 /^{v) oc e~ v / y/v. Thus B is exponentially suppressed for 9 9 C or k -C fc c , 
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as expected. At small argument v <C 1, we have K 2 /3 (v) oc t>~ 2 / 3 . Therefore, for k ^> k c 
and a fixed ratio 6/9 c , B varies as k~ 2 ^ 3 . When k increases above k c , the beaming angle 
( 140]) decreases, which further suppresses the contribution of these modes. When k decreases 
below k c , the beaming angle increases but this is quickly compensated by the exponential 
decrease of B for k <^ik c . 

Inserting fl86|) with fl89|) into f )29|) . and with a suitable change of variables for the integral 
over <ik, we obtain Eq. (j4"Tj) with 



° = s ir dyy ~ m sr dx {x + vfKti2 {x + yf/2 ) m 

which does not depend on m n L for m n L ^> 1. Performing the integral numerically gives 
C ~ 0.4. The coefficient appearing in Eq. (1421) for the number of produced KK modes is 
obtained similarly as 

d = s i +co dy sr dx {x + y)4 Ki/2 {x + yf/2 ) (9i) 

which gives D ~ 0.3. 
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